We theoretically study the phase relaxation of excitons in doped single-walled carbon nanotubes caused by elastic scattering between an exciton and an electron. Our calculation of the spectral linewidth, that is the inverse of the scattering rate, demonstrates that this dephasing process is unexpectedly suppressed in doped single-walled carbon nanotubes, giving rise to anomalous nonlinear behavior as a function of the electron density. A detailed investigation reveals that the logarithmic correction of the exciton self-energy plays a critical role in the exciton-carrier scattering dynamics.
Photoexcited states of single-walled carbon nanotubes (SWCNTs) are characterized by a quasiparticle comprising an electron and a hole, i.e., an exciton, due to the strong Coulomb interaction caused by the one-dimensional tubular structure [1] [2] [3] . The binding energy of an exciton is a few hundreds of meV. Due to this large binding energy, the exciton is known to play a crucial role in determining the optical response of the SWCNTs [4] . Strong Coulomb interaction further leads to another bound state called a trion that consists of an exciton and a charged carrier [5, 6] .
These novel quasiparticles open a new paradigm of manybody physics in nanoscale materials, leading to unexpected physical phenomena that are remarkably different from conventional many-particle systems in bulk materials. The novel physical phenomena caused by interacting excitons in SWCNTs give deeper insight into many-body physics and extend the range of optical or optoelectronic technologies [7] [8] [9] .
The emergence of a novel bound state raises the question as how strong Coulomb interaction in low-dimensional materials affects the dynamical properties of many-body exciton states and the exciton-carrier state. Recently, it was experimentally demonstrated that such many-body effects profoundly influence the dynamics of excitons in SWCNTs, showing a highly nonlinear optical response over a wide range of excitation power intensities [10] [11] [12] [13] . It was found that phase relaxation by elastic scattering among excitons is the dominant contribution to the linewidths of optical spectra [14] , larger than the contribution of Auger exciton recombination caused by inelastic scattering among the excitons [15] [16] [17] . For doped SWCNTs, besides elastic scattering between excitons, similar to compound semiconductors [18] , it is also expected that elastic scattering between excitons and charged carriers plays a crucial role for determining the phase relaxation of excitons. On the other hand, Perebeinos and Avouris discussed the carrier density dependence of exciton-phonon scattering in doped SWCNTs [19] . This scattering leads to the population relaxation of excitons, although the scattering rates by this process are negligibly small.
In this study, we carry out a theoretical investigation of the dephasing process caused by elastic scattering between excitons and electrons to unravel the dynamical processes of excited states in doped SWCNTs. Our calculation predicts that this scattering process shows, contrary to expectation, strong suppression and nonlinearity associated with the doped electron density. We reveals that this anomalous behavior is caused by a cusp-like structure in the dispersion relation of excitons that originates from the logarithmic correction in the exciton self-energy, which itself can be traced to the unscreened exchange interaction between electrons and holes. Our results show that the exciton dynamics is strongly influenced by the unscreened exchange interaction.
To start, we calculate the collisional broadening of the spectral linewidth associated with the elastic excitonelectron scattering process. In particular, we focus on the scattering process of an electron and a spin-singlet exciton of the lowest energy, which is the only optically allowed exciton (i.e., a bright exciton) in SWCNTs and usually denoted by E 11 . The linewidth, determined as the dephasing rate, can be calculated by Fermi's golden rule,
where EðkÞ is the band energy of the exciton obtained from solving the Bethe-Salpeter equation and "ðkÞ stands for the electron energy. The terms fðkÞ and 1 À fðk À qÞ are the Fermi distribution functions for incoming scattering electrons and for outgoing scattered electrons, respectively, while Fig. 1 diagrammatically shows the matrix element Mðk; qÞ of the exciton-electron scattering process [20] . The exciton amplitude Z n k;q and energy E n ðqÞ are obtained by solving the Bethe-Salpeter equation [1, 2, 21, 22] :
where [2, 21, 22] . The quasiparticle energies " c ðkÞ and " v ðkÞ (c and v indicate conduction and valence bands, respectively) are calculated by applying the random-phase approximation to the dielectric function of electrons [1, 21, 22] . We further choose a dielectric constant of ¼ 3:3 to incorporate the screening effects by core states, electrons and the surrounding environment [19] , and the calculations are performed using the tight-binding approximation with a nearest-neighbor hopping of 3.0 eV [2] . In Eq. (1), EðkÞ E 1 ðkÞ. Figure 2 shows the linewidth of the optical spectra of the singlet bright exciton for semiconducting zigzag SWCNTs ranging from (13, 0) to (23, 0) at temperatures of 50 K and 300 K as a function of the electron density. The solid and dashed lines are type I [modð2n þ m; 3Þ ¼ 1] and type II [modð2n þ m; 3Þ ¼ 2] for (n, m) SWCNTs, respectively. We find two interesting features at the lower temperature of 50 K: (i) the linewidth is strongly suppressed compared with the one at 300 K, which indicates that an exciton is less scattered by a doped electron at the lower temperature, and (ii) the linewidth increases nonlinearly with increasing electron density before peaking and saturating (see the inset of Fig. 2 ). This behavior in SWCNTs is quite unusual compared with that of other conventional semiconductors. It is well known that the linewidth of conventional semiconductors in both bulk and nanoscale materials becomes larger at lower temperatures [20] and is proportional to the electron density for any temperature at low density [18, 23, 24] . In contrast to the low temperature behavior at 50 K, the linewidth of the exciton at 300 K exhibits a linear dependence on electron density in the low density region. Although we focus here only on zigzag SWCNTs for simplicity, the results do not depend on the chirality of semiconducting SWCNTs.
We ascribe the unusual behavior of the linewidth to the anomalous energy spectrum of the singlet bright exciton: As shown in Fig. 3(a) , the energy dispersion of the singlet exciton is no longer parabolic but has a k 2 logðkÞ correction leading to a cusplike structure [22, 25, 26] . This anomalous band structure originates from the unscreened electronhole exchange interaction K ex k;k 0 in the Coulomb kernel of Eq. (2), which induces a strong renormalization of the exciton effective mass [25, 27] . Similarly, the unscreened exchange interaction at the Dirac point in undoped graphene gives a strongly renormalized dispersion relation which is a signature of a marginal Fermi liquid [25, [27] [28] [29] . Under this unusual dispersion, the energy-momentum conservation for electrons and excitons (Eð0Þ þ " c ðkÞ À EðqÞ À " c ðk À qÞ ¼ 0) is difficult to satisfy due to the lack of available electrons states below the cusplike structure, giving rise to the anomalous scattering between excitons and electrons.
Let us discuss in more detail the underlying kinematics. The Fermi distribution determines the energy region where the incoming electrons in Eq. (1) with energy " c ðkÞ are available, as shown in Figs. 3(b) and 3(c) . As in Fig. 3(b) , it is demonstrated that within such energy region of the incoming electron, the outgoing electron with energy " c ðk À qÞ where the dispersion is below the cusplike structure of the exciton dispersion does not have a possible final state. This arises totally from the anomalous band structure of the singlet exciton. This effect on the phase-space kinematics leads to a restriction on the scattering processes, resulting in a decrease in the number of states in the summation in Eq. (1). Therefore, nonlinearity of the 
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187403-2 linewidth associated with suppression of scattering emerges. This is clearly observed at low temperatures, as shown in Fig. 3(b) . In contrast, with increasing temperature, the available states for outgoing electrons in the summation in Eq. (1) increase, so that the scattering rate becomes finite even at a low electron density, as schematically shown in Fig. 3(c) . Indeed, at higher temperatures, the scattering rate recovers the usual linear behavior with an increase in the electron density, as shown in Fig. 2 .
When the incoming electron energy is in the region where the exciton band possesses nearly parabolic dispersion, the effect of the exchange self-energy is less important. As a result, final states for outgoing electrons are sufficiently available, leading to finite scattering probability. Further increasing the electron density leads to sublinear behavior of the linewidth. In this regime, the final scattered states are already filled by doped electrons. Therefore the electron is prohibited from the scattering as a result of the Pauli exclusion principle (phase-space filling effects) [20] .
It is important for complete treatments of doping effects to consider many-body effects by including dynamical screening effects mediated by acoustic plasmons [30] and the effect of strongly bound charged excitons [5, 31] . Those are peculiar features in doped semiconducting carbon nanotubes. In the present study, however, we discussed the exciton-electron scattering based on the non-correlated excitons that is obtained from Eq. (2). This approximation works well in the low-density region where we can safely ignore the screening by doped electrons. This density region is much below the degenerate limit of doped electrons. Within this condition, we do not expect our results to be dramatically influenced by dynamical screening effects.
So far, we have discussed the elastic scattering between an electron and a singlet bright exciton. For comparison, we discuss the elastic scattering between an electron and an optically inactive exciton (i.e., a dark exciton), especially a spin-triplet exciton, that has a normal parabolic band structure [ Fig. 3(a) ]. Figure 4 shows the linewidth of triplet dark excitons in (13, 0) SWCNTs at 50 and 300 K. In contrast to the scattering processes of the singlet exciton, the scattering in this case occurs linearly up to the degenerate density of electrons leading to the common linear density dependence of the linewidth [23, 24, 32] . This is simply because there always exists a scattering process that satisfies the energy-momentum conservation. The temperature dependence of the linewidth of the triplet exciton before saturation is opposite to that of the bright exciton; the linewidth is larger at lower temperatures. This agrees with the case of semiconductor quantum wells where the linewidth becomes larger at low temperatures [20] . From the above difference between singlet and triplet Momentum (1/nm) excitons, it is apparent that the exchange interaction of the kernel in the Bethe-Salpeter equation (2) is crucial for exciton-electron scattering. Finally, we discuss the linewidth in the linear region for both the singlet and triplet excitons at 300 K. In this region, the scattering rate is expressed by the linear function of electron density as
where ðdÞ is the coefficient as a function of the diameter of the SWCNTs and n is the electron density. Figure 5 shows the calculation results of ðdÞ for the singlet bright and triplet dark excitons, where upper (lower) points indicate ðdÞ for type I (II) semiconducting zigzag SWCNTs for each plot. We can fit ðdÞ in Eq. (3) as ðdÞ / d À3:5 for the bright (singlet) exciton at 300 K, and as ðdÞ / d À3 for the dark (triplet) excitons at 300 K as shown in Fig. 5 . The fitting formula for the triplet dark exciton [ðdÞ / d À3 ] agrees with the analytical result of the effective mass approximation with an attractive contact potential [33, 34] , which gives ðdÞ / E 2 b M ex / d À3 , where E b ð/ d À1 Þ and M ex ð/ d À1 Þ are the binding energy and the effective mass of the exciton, respectively. For the singlet bright exciton, the exchange interaction makes it difficult to obtain an analytical result. However, we expect that the different exponent of the diameter dependence originates with the anomalous energy dispersion.
The coefficient ðdÞ can be also written as a B E b [24] , where is a dimensionless parameter that represents the strength of exciton-electron scattering and a B is the exciton Bohr radius. From this relation, we obtain ¼ 0:05 for the singlet bright exciton of, for instance, E b ¼ 400 meV and a B ¼ 1 nm at 300 K. From the absorption spectral changes in hole doped SWCNTs, it has experimentally been estimated recently that ' 0:08 [35] , which is in good agreement with our theoretical result. For the triplet dark exciton at 300 K, we obtain ¼ 0:5 that is ten times larger than that of the bright exciton scattering. From the above difference of the diameter dependence and the scattering strength between the bright and dark exciton, we infer that the different final density of states of scattering processes is crucial even in the linear region of the singlet linewidth at higher temperature.
It has been argued that the unscreened exchange interaction determines the static properties of excited states of SWCNTs such as the fine structure of exciton states [21] or the the extremely large energy separation between the exciton and trion [5] . In addition to such static properties, our calculation reveals that the dynamical properties of excitons in SWCNTs are also profoundly influenced by the unscreened exchange interaction via the logarithmic correction to the exciton dispersion.
In summary, we have investigated the collisional broadening of the linewidth by exciton-electron scattering in doped SWCNTs. Our calculation shows that the density dependence of the linewidth exhibits anomalous nonlinear behavior. This indicates that the exciton-electron scattering process in SWCNTs is very peculiar compared to that in other semiconductors. We interpreted this behavior based on the anomalous structure of the exciton band, which originates in the unscreened exchange self-energy between electrons and holes. Because of the characteristic exciton dispersion, exciton-electron scattering is forbidden, leading to suppression of the exciton-electron scattering. Our calculation also gives an insight into the formation mechanism of trions in SWNCTs. Since our conclusion is that the exciton and free carrier are less scattered, it seems to be difficult to form trions from exciton and free carriers, for instance, by the electrostatic doping [36] . This may indicate that localized states of carriers are necessary and crucial for trion formation.
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